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a b s t r a c t
We analyseN-separators in planarweighted graphs for any integer
N . The well-known result due to Lipton and Tarjan [5] is obtained
in the caseN = 2. The existence of anN-separator is examined and
the exact bounds for the best separation are demonstrated.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
We study the N-separators in weighted (vertices, edges and faces) planar graphs (an N-separator
of a connected graph G is a subgraph Gwhose deletion decomposes G into N connected components).
A number of papers were inspired by the original paper by Lipton and Tarjan [5] on 2-separators
in weighted (only vertices and edges) planar graphs. Their separator construction is a very important
issue inmany graph applications such as VLSImodelling [2], communication networks [1] and parallel
computing [7]. The most complete and recent survey on graph separators can be found in [6].
One of the possible applications of the separatormethod is the degree–diameter problem in planar
graphs [3]. In this case, the separator method is used for planar graph characterization [8]. The largest
graphs in the degree–diameter problem are very dense. Therefore, the simplest Lipton and Tarjan
separator (Lemma 2 of [5]), which is a cycle obtained by addition of an edge to some edges of a
spanning tree becomes an efficient tool [4] in the degree–diameter problem. Each of the two separated
subsets is either the interior or the exterior of the cycle. Further progress can be achieved in the
degree–diameter problem increasing the number of separated subsets. In general, an N-separator is
needed consisting of several cycles.
We optimize the separator construction in plane graphs with weighted vertices, faces and edges.
Such generalization is important for practical applications. We consider the problem of existence of
an N-separator in a planar graph and give optimal bounds to the minimum weight component.
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2. Notations and basic results
Let G = (V , E, F) be a plane triangulation and let T be a carcass (spanning tree) in G. Let C1, . . . ,
CN−1 be the cycles formed by adding edges EN = {e1, . . . , eN−1} ⊂ E(G) \ E(T ) to T . Note that two
cycles Ci, Cj, i ≠ jmay have vertices and/or edges in common.
We observe that if edge ej is contained in the interior of region Rk, k ≠ j then the cycle Cj divides
Rk into two regions.
Since each cycle Ci is a Jordan curve in the plane, union SN = ∪N−1i=1 Ci is a planar graph partitioning
the plane into N regions R1, . . . , RN (where RN is the exterior region also denoted by Rext). Wewill say
that SN is an N-separator in G. In order to construct SN , it is necessary that |E(G)\E(T )| ≥ N−1. Since
|E(T )| = |V (T )|−1 = |V (G)|−1 then, there is anN-separator inG if and only if |E(G)|−|V (G)| ≥ N−2.
But, as G is a plane triangulation then, by Euler’s formula, we have |E(G)| = 3|V (G)| − 6, and thus an
N-separator exists in G if and only if
2|V (G)| ≥ N + 4 (or equivalently if and only if |F(G)| ≥ N). (1)
We shall give below (Proposition 2.1) another condition for the existence of an N-separator.
Let Bi denote the subgraph of G consisting of several (possibly, one) cycles bounding region Ri.
Note, that in accordance with the accepted enumeration, subgraph BN gives the internal bound of the
exterior region Rext. Let Ai be a subgraph of G induced by all the vertices lying either in the interior of
Ri or in Bi. Keeping the plane embedding of G, consider the set of its faces F(G). Let Fi ⊂ F(G) be the
set of faces lying in the region Ri. Evidently, we have Fi ⊂ F(Ai).
Letw1 : V (G) −→ R+, w2 : E(G) −→ R,w3 : F(G) −→ R beweight functions. We say that graph
G is weighted if weight functions are defined for all its vertices (w1), edges (w2), and faces (w3); and
its weight is given by the sum:
w(G) =
−
v∈V (G)
w1(v)+
−
e∈E(G)
w2(e)+
−
f∈F(G)
w3(f ).
We consider hereunder graphs with positive weights w(G) > 0. In this case normalized weight
functions are defined as follows: for each v ∈ V (G), e ∈ E(G) and f ∈ F(G),
w¯1(v) = w1(v)
w(G)
, w¯2(e) = w2(e)
w(G)
, w¯3(f ) = w3(f )
w(G)
.
To characterize N-separator SN we define weight functions w¯(Ri), i = 1, . . . ,N:
w¯(Ri) =
−
v∈V (Ai)
w¯1(v)+
−
e∈E(Ai)
w¯2(e)+
−
f∈Fi
w¯3(f )− 12
−
v∈V (Bi)
w¯1(v)− 12
−
e∈E(Bi)
w¯2(e).
Their sum equals
N−
i=1
w¯(Ri) = 1+
−
v∈V (SN )

dSN (v)− 2
2

w¯1(v). (2)
Indeed, sets Fi are mutually disjoint, and their union ∪Ni=1 Fi coincides with F(G). Therefore, each
face weight is counted exactly once in the left-hand sum of the equality. Similarly, if a vertex or an
edge lies in the interior of Ri, its weight is counted exactly once. Each edge e ∈ E(SN) appears exactly
twice in sets E(Ai) as well as in sets E(Bi). Each vertex v ∈ V (SN) appears in sets V (Ai) and in sets
V (Bi) accordingly to its degree in SN . Finally, equality (2) holds.
Let us redefine the edge and face weight functions as w¯′2(e) = (1 − 2λ)w¯2(e) and w¯′3(f ) =
w¯3(f ) + λ∑e∈bord(f ) w¯2(e) where λ ∈ R. Note that such weight transformation does not perturb
weights neither of regions Ri nor of graph G since w¯′(Ri) = w¯(Ri), and w¯′(G) = 1. In particular, by
taking λ = 12 , we have zero edge weights. So, in the rest of the paper, we assume that w¯2(e) = 0 for
all e ∈ E(G).
Let vmax = maxv∈V (G){w¯1(v)}, vmin = minv∈V (G){w¯1(v)} and fmax = maxf∈F(G){w¯3(f )}. We remind
that vmax ≥ vmin ≥ 0.
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Given a weighted planar graph G and a spanning tree T of G, we define,
βN(G, T ) := max
EN⊆E(G)\E(T )|EN |=N−1

min
i=1,...,N{w¯(Ri)}

.
Our main intention is to find N-separators SN with large values for βN .
Proposition 2.1. Let G be a weighted plane triangulation and let T be a spanning tree of G. Let N ≥ 2 be
an integer such that
N + 1
2
vmax + vmin + (N − 1)fmax < 1.
Then, there exists an N-separator in G.
Proof. We proceed by contradiction. Let us suppose that no N-separator exists in G. This means that
condition (1) fails, therefore, we have |V (G)| ≤ N+32 = N+12 + 1 and |F(G)| ≤ N − 1. Since w¯2(e) = 0
for all e ∈ E(G) then,
1 = w¯(G) =
−
v∈V (G)
w¯1(v)+
−
e∈E(G)
w¯2(e)+
−
f∈F(G)
w¯3(f )
=
−
v∈V (G)
w¯1(v)+
−
f∈F(G)
w¯3(f )
≤ N + 1
2
vmax + vmin + (N − 1)fmax
which is a contradiction. 
3. Main result
In this section, we prove our main result.
Theorem 3.1. Let G be a weighted plane triangulation and let T be a carcass of G. Let integer N ≥ 2 and
real
ϕ ≥ max

−vmin
2
, fmax

(3)
such that
3(2N − 1)
4
vmax + vmin4 + (N − 1)ϕ < 1. (4)
Then,
βN(G, T ) ≥ 12N − 1 +
N − 1
2N − 1
vmin
2
− ϕ

. (5)
In order to prove Theorem 3.1, we need the following key lemma.
Lemma 3.2. Let G be a weighted plane triangulation and let T be a spanning tree of G. If
9
4
vmax + vmin4 + ϕ < 1 (6)
then for any real γ satisfying
3
4
vmax + vmin4 < γ ≤
1
3
+ vmin
6
− ϕ
3
(7)
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Fig. 1. Face f2x and its edges x, y, and z in Lemma 3.2.
there exists edge e ∈ E(G) \ E(T ) such that
γ ≤ w¯(R1e) < 2γ − vmin2 + ϕ (8)
where R1e is the interior region of the unique cycle Ce in T + e.
Proof. Note first that condition (6) is stronger than that of Proposition 2.1 for N = 2. Condition (6)
assures also existence of some γ satisfying (7). We show, by contradiction, the left hand inequality
of (8). Let us suppose that w¯(R1e) < γ for all e ∈ E(G) \ E(T ). Let x ∈ E(G) \ E(T ) be the edge that
maximizes |F1|. Since graph G is a triangulation then edge x is shared by two triangles, f1x (situated in
region R1x) and f2x (situated in region R2x). Let y and z be the other two edges of f2x. In accordance with
the choice of edge x, face f2x is the exterior face of plane graph G. We have four possible cases:
Case 1: y, z ∈ E(T ) then, we have (Fig. 1(a)) R2x = f2x, and
1 = w¯(R1x)+ 12
−
vi∈V (Cx)
w¯1(vi)+ w¯3(f2x) < γ + 32vmax + ϕ ≤
1
3
+ 3
2
vmax + 16vmin +
2
3
ϕ
which contradicts (6).
Case 2: y ∈ E(T ), z ∈ E(G) \ E(T ) then, let v be the common vertex shared by edges x and z. There are
unique paths consisting only of E(T ) joining vertex v with the both extremes of edge y. One of these
two paths contains edge y. Note the end vertex of this path by u. Wemay have two possibilities, either
vertex u is incident to edge x (Fig. 1(b)) or to edge z (Fig. 1(c)). In both cases we get
1 = w¯(R1x)+ w¯(R1z)+ 12 w¯1(u)+ w¯3(f2x) < 2γ +
1
2
vmax + ϕ ≤ 23 +
1
2
vmax + 13vmin +
1
3
ϕ
which contradicts (6).
Case 3: z ∈ E(T ), y ∈ E(G) \ E(T ) is symmetrical to Case 2.
Case 4: y, z ∈ E(G \ T ) then, let v be the common vertex shared by edges x and z, and P be the path
consisting only of edges of E(T ) joining the extremes of edge y (Fig. 1(d)). As T is a tree, there exists
a unique vertex a in P such that both paths consisting only of edges of E(T ) joining the extremes of
edge ywith vertex v, contain a. Naturally, vertex a can be one of those incident to edges from {x, y, z}.
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Fig. 2. Face f1x and edges x, y, and z in Lemma 3.2.
We have
1 = w¯(R1x)+ w¯(R1y)+ w¯(R1z)− 12 w¯1(a)+ w¯3(f2x) < 3γ −
1
2
vmin + ϕ
which contradicts (7).
Thus, set Eγ ⊂ E(G) \ E(T ) such that each edge of it satisfies the left-hand inequality of (8) is
not empty. In a similar way we show, by contradiction, the right-hand inequality of (8). Suppose by
contradiction that
w¯(R1e) ≥ 2γ − 12vmin + ϕ for all e ∈ Eγ . (9)
Let x ∈ Eγ be the edge that minimizes |F1|, and consider triangular face f1x adjacent to edge x and
lying in the interior region R1x. Let y and z be the other two edges of f1x. We have four possible cases:
Case 1: y, z ∈ E(T ) then, by (9), we have (Fig. 2(a)):
2γ − 1
2
vmin + ϕ ≤ w¯(R1x) = 12
−
vi∈V (Cx)
w¯1(vi)+ w¯3(f1x) ≤ 32vmax + ϕ
contradicting (7).
Case 2: y ∈ E(T ), z ∈ E(G) \ E(T ). Let v be the common vertex shared by edges x and z. In accordance
with the choice of edge x, we have z ∉ Eγ , and w¯(R1z) < γ . Let u be an extreme of edge y such that
the unique path consisting only of edges in E(T ) joining vertex v with u contains edge y. Similarly to
the previous consideration, we have two possibilities. (Fig. 2(b) and (c)). In both cases we get
2γ − 1
2
vmin + ϕ ≤ w¯(R1x) = w¯(R1z)+ 12 w¯1(u)+ w¯3(f1x) < γ +
vmax
2
+ ϕ
contradicting (7).
Case 3: z ∈ E(T ), y ∈ E(G) \ E(T ) is symmetrical to Case 2.
Case 4: y, z ∈ E(G) \ E(T ). Let v be the common vertex shared by edge x and z and P be the path
consisting only of edges of E(T ) joining the extremes of edge y (Fig. 2(d)). Similarly, there exists a
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unique vertex a on P such that both paths consisting only of edges of E(T ) and joining the extremes
of edge y with vertex v, contain a. In accordance with the choice of edge x, we have y ∉ Eγ , z ∉ Eγ
(Fig. 2(d)). Finally, we get
w¯(R1x) = w(R1y)+ w(R1z)− 12 w¯1(a)+ w¯3(f2x) < 2γ −
1
2
vmin + ϕ
which is a contradiction and the lemma follows. 
We now prove Theorem 3.1.
Proof of Theorem 3.1. We construct a suitable N-separator inductively. For N = 2, we let γ =
1
3 + vmin6 − ϕ3 . With (4), it follows that γ satisfies conditions in Lemma 3.2, and therefore, there exists
an edge e ∈ E(G) \ E(T ) such that the cycle Ce formed in T + ewith
1
3
+ vmin
6
− ϕ
3
≤ w¯(R1e) < 23 −
vmin
6
+ ϕ
3
.
Since the weight corresponding to the exterior region of Ce also satisfies the former inequality, the
2-separator verifies the desired equality (5) when N = 2, that is,
β2(G, T ) ≥ 13 +
vmin
6
− ϕ
3
.
Let us suppose now that the result is true for N = k ≥ 2 and that condition (4) is satisfied for
N = k+ 1, that is
3(2k+ 1)
4
vmax + vmin4 + kϕ < 1. (10)
We prove that (5) is satisfied when N = k+ 1. Let us set
γ = 1
2k+ 1 +
k
2k+ 1
vmin
2
− ϕ

.
Then, by (10) conditions (6) and (7) of Lemma 3.2 are satisfied for k ≥ 2. Therefore, there exists an
edge x ∈ E(G) \ E(T ) giving a 2-separator with
1
2k+ 1 +
k
2k+ 1
vmin
2
− fmax

≤ w¯(R1x) < 22k+ 1 −
1
2k+ 1
vmin
2
− ϕ

. (11)
Hence, by complement, we have
w¯(R2x) >
2k− 1
2k+ 1 +
1
2k+ 1
vmin
2
− ϕ

. (12)
Combining the latter with (10) gives
w¯(R2x) >
3(2k− 1)
4
vmax + vmin4 + (k− 1)ϕ > 0. (13)
Let G′ be a plane triangulation obtained by adding to subgraph A2x a vertex v0 connected by an
edge to each vertex of V (Cx). Denote the set of these edges by E ′. Vertex v0, edges of E ′, together with
obtained triangular faces F ′ replace the interior of region R1x as shown in Fig. 3(c). Let T ′ be a subgraph
of G′ containing all the edges of E(T ) lying in the interior of R2x plus all the edges of E ′:
E(T ′) = E(T ) ∩ (E(A2x) \ E(Cx))+ E ′.
Evidently, T ′ is a carcass in G′. We keep all the weights of old vertices and faces. We define weights
of the new vertices and faces as follows:
w1(v0)
def= vminw(G)
w3(f )
def= −1
4
−
v∈V (f )\v0
w1(v)− vminw(G)d(v0) , f ∈ F
′.
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Fig. 3. Transformation of subgraph A2x to graph G′ .
Doing so we getw(G′) = w(R2x).
From (13), we have w¯(R2x) > 0, and therefore,w(G′) = w(G)w¯(R2x) > 0.Weights of all new faces
are strongly negative. Thus, in graph G′:
v′max = max
v∈V (G′)
w¯1(v) ≤ vmax
w¯(R2x)
, (14)
v′min = min
v∈V (G′)
w¯1(v) = vmin
w¯(R2x)
, (15)
f ′max = max
f∈F(G′)
w¯3(f ) ≤ ϕ
w¯(R2x)
. (16)
By dividing both sides of (13) by w¯(R2x) and by applying equalities (14)–(16), we obtain
1 >
3(2k− 1)
4
v′max +
v′min
4
+ (k− 1) ϕ
w¯(R2x)
. (17)
Thus, condition (4) is satisfied in G′ when N = kwith ϕ′ = ϕ
w¯(R2x)
. Thus, there exists a k-separator
S ′k in G′ giving
β(G′, T ′) ≥ 1
2k− 1 +
k− 1
2k− 1

v′min
2
− ϕ
w¯(R2x)

. (18)
Applying (17) and (18) we get
β(G′, T ′) >
v′max + v′min
2
. (19)
Combining together (11) and (18), and applying (14)–(16), we have
w¯(R2x)β(G′, T ′) ≥ w¯(R2x)

1
2k− 1 +
k− 1
2k− 1

v′min
2
− ϕ
w¯(R2x)

>
1
2k− 1

2k− 1
2k+ 1 +
1
2k+ 1
vmin
2
− ϕ

+ k− 1
2k− 1 w¯(R2x)

v′min
2
− ϕ
w¯(R2x)

≥ 1
2k+ 1 +

1
(2k− 1)(2k+ 1) +
k− 1
2k− 1
vmin
2
− ϕ

= 1
2k+ 1 +
k
2k+ 1
vmin
2
− ϕ

. (20)
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Fig. 4. The interior of cycle Ce coincides with face fe .
Fig. 5. Three cases when the bound of region Rj includes vertex v0 .
Let E ′k be the set of edges such that cycles formed in E
′
k∪E(T ′) induce separator S ′k satisfying (18).We
denote by R′1, . . . , R
′
k the corresponding regions. We claim E
′
k ∩ E(Cx) = ∅. Indeed, if there exists edge
e ∈ E ′k ∩ E(Cx), then, by construction of the k-separator S ′k, the cycle formed with e is a triangular face
fe, giving a region, say R′j (Fig. 4). Therefore, from (14)–(16), we have w¯(R
′
j) ≤ v
′
max+v′min
2 , contradicting
inequality (19).
Thus, E ′k ⊂ E(G) \ E(T ). Let Sk+1 be a (k + 1)-separator in G induced by the cycles obtained by
addition of edges {x}∪E ′k to E(T ). This (k+1)-separator partitions G into (k+1) regions. One of these
regions coincides with the interior of the cycle Cx (we denote it R1). Evidently, w¯(R1) = w¯(R1x). The
weight of region Ri different from R1 can be calculated depending whether its bound Bi includes edges
of Cx or not. In the first case (Fig. 5), there is region R′j of graphG′which includes Ri. Easy analysis shows
that we always getw(Ri) ≥ w(R′j). In the second case, region Ri simply coincideswith a corresponding
region R′j of graph G′, andw(Ri) = w(R′j). Therefore, we obtain
β(G, T ) ≥ min w¯(R1x), w¯(R2x)β(G′, T ′) .
Combining together (11) and (20) yields
βk+1(G, T ) ≥ β(G, T ) ≥ 12k+ 1 +
k
2k+ 1
vmin
2
− ϕ

and the result follows. 
The following corollaries follow immediately from Theorem 3.1:
Corollary 3.3. Given a plane triangulation G and its spanning tree T , let N ≥ 2 be an integer satisfying
|V (G)| > 3N−12 . Then, an N-separator exists in G such that
min
i∈(1,...,N)

|V (Ai)| − 12 |V (Bi)|

≥ 1
2N − 1

|V (G)| + N − 1
2

.
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Proof. The result follows from Theorem 3.1 if we take w¯1(v) = 1|V (G)| , v ∈ V (G), and ϕ = w¯3(f ) = 0,
f ∈ F(G). 
Corollary 3.4. Given a plane triangulation G and its carcass T . Let N ≥ 2 be an integer satisfying
|F(G)| > N − 1. Then, an N-separator exists in G such that
min
i∈(1,...,N)
{|Fi|} ≥ 12N − 1 (|F(G)| − (N − 1)) .
Proof. Euler’s formula yields in a plane triangulation |V (G)| = |F(G)|2 +2. Taking w¯1(v) = ϵ, v ∈ V (G),
with
0 < ϵ < min

1
|V (G)| ,
|F(G)| − (N − 1)
N |F(G)| − 2(N − 1)

,
and ϕ = w¯3(f ) = (1−ϵ|V (G)|)|F(G)| , f ∈ F(G)we get
(3N − 1)
2
ϵ + (N − 1) (1− ϵ |V (G)|)|F(G)| < 1.
Therefore, condition (4) is satisfied, and by Theorem 3.1
ϵ

|V (Ai)| − |V (Bi)|2

+ |Fi| (1− ϵ |V (G)|)|F(G)|
≥ 1
2N − 1 +
N − 1
2N − 1

ϵ
2
− (1− ϵ |V (G)|)|F(G)|

, i ∈ (1, . . . ,N) .
The former expression can be rewritten majoring the terms proportional to parameter ϵ:
|Fi| > |F(G)|2N − 1 −
N − 1
2N − 1 − ϵ
|F(G)|2
2
, i ∈ (1, . . . ,N) .
Thus, for any fixedM ∈ R∗ by taking sufficiently small ϵ ≤ 2M|F(G)|2 we assure inequality
min
i∈(1,...,N)
|Fi| −
 |F(G)|
2N − 1 −
N − 1
2N − 1

> −M.
The needed result follows immediately whenM → 0. 
4. Tightness
In this section we construct an example where the bound of Theorem 3.1 is attained. To this end,
we consider a graph G composed by a (N−1)-star where a particular graph is attached to each leaf of
the star (Fig. 6). Let T be a breadth-first tree induced by the central vertex of the star. Add arbitrarily
some edges to complete triangulation G.
Let wB, wF ∈ R+. Let all filled (black) and hollow vertices have weights (3N − 5)wB and wB,
respectively. Let all marked faces have weight wF , all other faces have zero weight. Evidently, we
get
w(G) = (3N − 2)(3N − 5)wB + (3N − 3)wB + (N − 1)wF
vmax = (3N − 5)wB
w(G)
vmin = wB
w(G)
fmax = wF
w(G)
.
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Fig. 6. Graph example demonstrating tightness of the bound of Theorem 3.1.
Taking ϕ = fmax and combining these equalities together gives
1 = (2N − 1)vmax + (3N − 2)(N − 1)vmin + (N − 1)fmax. (21)
Thus, the condition of Theorem 3.1 holds. Analysis of G shows that if any edge from the interior of a
leaf is added to carcass T when constructing N-separator SN , then
βN(G, T ) ≤ 32vmax + vmin = vmax +
3(N − 1)
2
vmin.
If the exterior edges of all leaves are taken in E(SN), then again
βN(G, T ) = vmax + 3(N − 1)2 vmin.
The result be only worse if any edge added when completing triangulation is taken in E(SN).
Therefore, by (21)
β(G, T ) = 1
2N − 1 +
N − 1
2N − 1
vmin
2
− ϕ

.
This result coincides with lower bound (5) of Theorem 3.1 and thus bound (5) is tight.
Bound (5) is tight in the general sense of arbitrarily weighted vertices and faces. Naturally, the
tightness can be perturbed if some restriction is imposed on theweights (equal weights, for example).
5. Separator size
Each N-separator is by construction a union of (N − 1) cycles. Every cycle is obtained by adding
an edge to some edges of a given spanning tree. Thus, the following lemma holds:
Lemma 5.1. Given plane triangulation G, its spanning tree T of diameter d, and an N-separator S in G.
Then
|V (SN)| ≤ (N − 1)(d+ 1)
and
|E(SN)| ≤ (N − 1)(d+ 1).
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